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Abstract Electrostatic solitons in an unmagnetized pair-ion
plasma comprising adiabatic fluid positive and negative ions
and non-isothermal electrons are investigated using both
arbitrary and small amplitude techniques. An energy inte-
gral equation involving the Sagdeev potential is derived,
and the basic properties of large amplitude solitary struc-
tures are investigated. Various features of solitons differ in
different existence domains. The effects of ion adiabatic-
ity, particle concentration, and resonant electrons on the
profiles of Sagdeev potential and corresponding solitary
waves are investigated. The generalized Korteweg-de Vries
equation with mixed-nonlinearity is derived by expanding
the Sagdeev potential. Asymptotic solutions for different
orders of nonlinearity are discussed for solitary waves.
The present work is applicable to understanding the wave
phenomena and associated nonlinear electrostatic perturba-
tions in pair/bi-ion plasmas which may occur in space and
laboratory plasmas.
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1 Introduction
In the typical geometric arrangement, 60 carbon atoms
form a fullerene molecule. Recently, Oohara and collabo-
rators generated a very dense pair-ion (PI) fullerene C±60
plasma consisting of ions having equal masses and opposite
charges [1, 2]. They reported the existence of three kinds
of waves, namely, ion plasma waves (IPW), ion acoustic
(IA) waves, and intermediate frequency waves (IFW) (prop-
agating parallel to the ambient magnetic field). Some of the
detailed measurements relevant to the IA mode were pre-
sented in [3, 4]. These measurements reveal that the IA wave
actually has two separate branches, accompanied by some
extra backward propagating mode situated between them.
The IF mode has been the focus of a number of works,
as the behavior of this mode does not fit into the stan-
dard plasma theory [5]. In the view of some authors [5],
the IA wave also seems to be problematic as it should not
appear in the perfectly antisymmetric PI plasma; however,
an electrostatic acoustic mode may appear, if the PI plasma
is non-isothermal (T+ = T−, where T+ and T− are the
temperatures of positive and negative ions). It is also theo-
retically argued that the existence of the IA mode and the
increased values of the IA speed in Fig. 2 of [2] are the
direct result of the existence of electrons in the PI fullerene
plasma. PI plasmas also imply the existence of a PI hydro-
gen plasma as Ref [3], where the concept of a hydrogen PI
plasma (H+, H−) with experimental configuration is pro-
posed and presented. Since it is not very clear that pure PI
plasmas are really produced in laboratory experiments, we
thus consider a PI plasma with some fraction of electrons.
The pair ion plasma is both accessible and sufficiently long-
lived that the collective behavior peculiar to the plasma state
can be experimentally investigated under controlled condi-
tions. This feature of the PI plasma attracted the attention
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Fig. 1 (color online) Variation of the maximum amplitude φm of (21)
against the positive ion temperature σ+ for different values of negative
ion temperature σ− = 0.25 (solid curve) and σ− = 0.2 (dashed curve).
Other parameters are M = 1.2, β = 0.5, and μ = 0.5
of researchers and series of papers appeared in the literature
[6–12]. The PI plasma provides an alternate and comfortable
way to study collective modes as compared to electron-
positron (ep) plasma believed to have existed in the early
universe, and in many astrophysical environments such as in
the magnetosphere of pulsars, in active galactic nuclei, and
also in some laboratory applications. Therefore, the study of
a PI plasma can be regarded as an indirect way to understand
the behavior of the ep plasma.
Besides the PI plasmas at the laboratory level, bi-ion
plasmas are found in space plasmas. The bi-ion plasmas
with different composition systems like Ar+plasmas with
F− ions, H+ plasmas with O−2 ions, H+ plasmas with
H− ions, and so on occur in the D-region of the iono-
sphere [13] and also in the Martian magnetosphere [14]. The
existence of a second ion population leads to an additional
coupling between the ions and electrons through the Lorentz
force (in magnetized plasmas) and charge neutrality. Even a
small component of heavy ions in a proton-electron plasma
may substantially alter the plasma wave and flow proper-
ties. The multi-ion nature of space plasmas gives rise to
interesting effects and supports strong low frequency (and
hence typically long wavelength) electrostatic perturbations
in the form of ion acoustic waves. When the amplitudes
of the waves are large, nonlinear effects, in particular ion
acoustic solitons, become important in their propagation.
Recently, Kim and Merlino [15] studied experimentally the
formation of negative ions in a thermally ionized potassium
plasma and observed the electrostatic ion cyclotron wave
spectrum in a plasma containing K+positive ions (39 amu),
electrons, and C7F
−
14 (350 amu) negative ions. The bi-ion
plasmas have applications in the earth’s ionosphere, meso-
sphere, solar atmosphere, and in micro-electronic plasma
processing reactors.
Usually, in an IA soliton, ions are inertial and elec-
trons are Maxwellian. However, in practice, the electrons
will not have a Maxwellian distribution due to the for-
mation of phase space holes caused by the trapping of
electrons in the IA wave potential. Thus, in most space
plasmas, the electrons follow a trapped particle distribu-
tion when the particles obey the Maxwellian distribution
at equilibrium [16, 17]. Very recently, some authors[18,
19] have studied the complex plasma dynamics by using
the vortex-like electron distribution deriving the nonlin-
ear evolution equations by using either a pseudo potential
approach or the reductive perturbation technique. Some
authors [20] have studied the ion-acoustic solitons in a
plasma composed of warm positive and negative ions with
different concentration of masses, charged states, and non-
isothermal electrons, by using quasipotential method. Dust
ion acoustic solitons in an unmagnetized pair-ion plasmas
with adiabatic pair-ions, non-isothermal electrons, and neg-
atively charged background dust were studied by Mushtaq
et al. [21] by using both the small and arbitrary amplitude
techniques. They have derived the integral equation involv-
ing the Sagdeev potential and Schamel-Korteweg-de Vries
(S-KdV) equation with mixed-nonlinearity. The authors are
discussing the applicability of work in the doped pair ion
plasmas, not completely filtered and enriched with an extra
massive charged component (e.g., dust defects). We in this
work used the same method as adopted by [20, 21] in the PI
plasmas in the presence of non-isothermal electrons but for
specific subsonic adiabatic density compression. Also, we
explain the large amplitude soliton in detail with mixed non-
linearity due to resonant electron contribution in the absence
of any dust defects.
Ion-acoustic solitons in a plasma with negative ions have
been observed experimentally by Ludwig et al. [22], where
rarefaction solitons are produced by a filament-anode 50-V
dc discharge in a mixture of argon and sulfur hexafluoride.
In this experimental setup, four ion-species plasma com-
posed of positive Ar+ ions, positive SF +5 ions, negative
F − ions, negative (SF −5 ) ions, and electrons are produced
by the introduction of a gas with a large electron-attachment
cross section, such as SF 6 into the discharge chamber. Rar-
efactive solitons have been observed in this multicomponent
plasma with negative ions when the negative-ion concen-
tration is larger than some critical value. The observation
of fast ion-acoustic rarefaction solitons are compared with
theoretically derived KdV equation for this sort of plasma.
Another experimental observation of ion-acoustic solitons
in a multicomponent plasma with negative ions has been
reported by Nakamura and Tsukabayashi [23]. At some crit-
ical concentration of negative ions, they have observed both
the compressive and rarefactive solitons.
Thus, in the present investigation, we consider nonlinear
propagation of sound waves in unmagnetized PI plasmas in
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the presence of non-isothermal electrons and with ions adi-
abaticity. We use the quasi-potential approach to study the
characteristics of IA solitons in such a plasma. In Section 2,
basic equations of plasma dynamics are used to derive
an energy integral equation with the Sagdeev potential.
Section 3 is devoted to a limited small amplitude soli-
ton with the derivation of the modified Korteweg-de Vries
(KdV) equation. Finally, in Section 4, the conclusions of the
present work are presented.
2 Basic Equations and Localized Waves
The unmagnetized plasma model is made up of pair ions
(PI), i.e., positive ions (label +), negative ions (label −), and
non-isothermal electrons (label e). We consider a fluid adi-
abatic PI of temperature T± and density n±. At equilibrium,
the charge neutrality condition requires that
∑
j qjnj0 = 0,
with qj being the charge of the j th species i.e., qj equals
−e for electrons, eZ+ for positive ions, and −eZ− for neg-
ative ions where Z+ and Z− are the charging state of the
positive, negative ions, and nj0 is the equilibrium particle
number density. The pair ions are assumed to be adiabatic

































where γ = N + 2
N
is the polytropic index, N being the
number of degrees of freedom, and p±0 = n±0KBT± is
the equilibrium PI pressure. Here, n±, v±, and p± are the
normalized densities, fluid velocities and pressures of the
positive and negative ions, respectively, and σ± = Te
T±
.
The independent variables, x and t , are normalized to a




and the inverse positive ion plasma frequency ωp+ =√
4πn+0e2
m+i
, respectively. The dependent variables n±, v±,
and p± are normalized by the density n±0, the ion acous-
tic speed cs = √KBT e/m+i , and the equilibrium pressure





In addition to the PI species, we consider non-isothermal
electrons. The model of non-isothermality is based on the
assumption that some electrons could interact with the wave
potential during its evolution and therefore can be trapped
in the wave potential. To model an electron distribution with
trapped particles, we employ the vortex-like electron distri-
bution function [24, 25], which is an exact solutions of the
electron Vlasov equation. Thus, the electron number density
in the presence of trapped electrons can be expressed as
















is the ratio of free electron to trapped electron
temperature. The complementary error function is defined









+ Z+n+ − μne − Z− (1 − μ) n− = 0, (5)
with μ = ne0
n+0
. For the localized stationary solution, we
define a transformed coordinate ξ such that, ξ = x − Mt ,
where M = u/cs is the Mach number and u is the speed
of the localized nonlinear structure moving with the frame.
Integrating (1) and (2) with boundary conditions n± → 1,
v± → 0, and φ → 0 as ξ → ±∞, we obtain a general










where χ± = M2 + 3σ± ∓ 2Z±φ. The + sign (inside the
equation) has to be used for a subsonic species (M < 1)
and the − sign for a supersonic one (M > 1). Following the
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Using (8) and (9), some standard algebraic manipulation



































Again, the ± signs refer to subsonic/supersonic species.
Using all the constituent densities from (4), (10), and (11)
into (5), a multiplication by
dφ
dξ
and an integration give us







+ V (φ) = 0, (12)
where V (φ) is the pseudo-potential (or Sagdeev potential)
which can be expressed as























































here the function Pe(φ, β) are given by [24, 25]





















and shows the electron and ion pressures at φ. To obtain
(12), we have used the boundary conditions that as ξ →
±∞, φ → 0 and dφ
dξ




) → 1. The relation (12) is a well known equa-
tion in the form of the ‘energy integral’ of an oscillating




, position φ and pseudo-time ξ in a potential well
V (φ). The conditions for the existence of a localized solu-






|φ=0< 0 (where the fixed point at φ → 0
is unstable). Condition (i) is satisfied by (13). Besides that
V (φ) should be negative between φ = 0 and φm, where
φm is the maximum (or minimum) value of φ for which
V (φm) = 0. The second condition, which is often referred




|φ=0= −μ + 1
M2 + 3σ+ +
(1 − μ)
M2 + 3σ− < 0 (14)
(14) can be treated as a quadratic equation in M2 by
considering M = Ms at ∂
2V (φ)
∂φ2
|φ=0= 0, so that












where a = μ, b = Z+ + (1 − μ)Z + 3μ (σ+ + σ−),
and c = 3 (1 − μ) σ+Z + 9μσ+σ− + 3σ−Z+. Refer-
ence (15) gives the lower limit for M in the presence of
non-isothermal electrons, which correspond to the true ion-
acoustic velocity in the given plasma model. In the absence
of negative ions (μ = 1), and assuming positive ions are
cold (σ+ = 0), with Z± = 1 ,we obtain Ms = 1 (namely,
the speed of ion-acoustic waves in electron-ion plasmas).
For cold negative (σ− = 0) and adiabatic positive ions with
Z± = 1, an expression for Ms is




1 − 2σ+ (1 − μ)μ




similarly, for cold pair ions (σ+ = σ− = 0), we have
Ms = √2 (2 − μ). For bounded solution, we have checked
that φ(xmin) = 0, =⇒ V (φ)
∣
∣
φ(xmin) = 0. Now, we find out




φ(xmax) = 0, where φ(xmax) = φm,
which yields a relation between the amplitude and veloc-
ity of the wave (Mach number) and can be regarded as the
nonlinear dispersion relation (NDR)[24, 25], namely V (φm,
M , ..) = 0. Under this condition the NDR for supersonic
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species (using (13)) can be written as
0 = μ [1 − Pe(φm, β)]







































(17) provides the upper limit of Mach number M (φm),
which turns out to depend on the parameters μ, σ+, σ−,
and β. It is clear that for an arbitrary value of the ampli-
tude φm, a simple analytical relation between φm and M for
different values of μ, σ+, σ−, and β is not easy to obtain.
Therefore, this relation can be solved numerically to find
out that how a solitary wave speed M changes with the
above-mentioned parameters. From the requirement that the
element of the square root is positive and real in (17), the
domain of φm is determined to be confined in the regions









. For cold positive and negative ions,




2 (1 − μ) [ + φm] , (18)
where  = μ [1 − Pe(φm, β)] with Pe(φm, β) is the elec-
tron pressure at φm, affected by the number of trapped
electrons. The relation (18) shows that the Mach number
of solitary wave depends on different parameters of the
medium.
3 Small Amplitude Limit
In order to confirm the possibility of localized ion-acoustic
solitons in the pair ions–electron plasma, we also investi-
gate the pseudo potential V (φ) in the small amplitude limit
(φ << 1). Using Taylor’s expansion, the Sagdeev potential
V (φ) near φ = 0 can be expanded in powers of φ and,





+ Aφ2 − Bφ5/2 − Cφ3 = 0 (19)








Fig. 2 (color online) Behavior of the width  of soliton (of (21))
against the positive ion temperature σ+ for different values of nega-
tive ion temperature σ− = 0.23 (solid curve) and σ− = 0.2 (dashed

























After the integration of general (19) with respect to ξ ,
along with the allowable boundary conditions, we get the


















Here,  = (4/A)1/2 gives the width of solitary waves.
Solution (21) is the same as that of the exact solution of the
generalized KdV equation of [29] with different orders of
nonlinearity. It shows that the amplitude φm = φ(ξ = 0)
depends on the trapped electron distribution, density con-
centration, and adiabaticity of PI ions during the formation
of solitary waves. Variations of the small amplitude φm and
the width  as a function of positive ion temperature σ+ for
different values of negative ion temperature σ− have been
depicted in Figs. 1 and 2. It can be seen from these figures
that both amplitude and width decrease with the PI tempera-
tures. This shows that adiabatic PI conditions tend to oppose
the formation of localized electrostatic structure.
We will now focus our attention on two asymptotic cases
of solution (21), which give some insights to the contribu-
tion of resonant electrons. First, we consider a case where
we assume that B >> C, meaning that the coefficients
B and C of the nonlinear terms in (19) are such that the
Braz J Phys (2014) 44:614–621 619
term with B dominates. The solution (21), after expansion
























The number of resonant electrons and the adiabatic tem-
perature of the ions affect the amplitude of IA solitary
waves. If the effect of nonlinear resonant interaction of elec-
trons due to trapping becomes so dominant that C can be









On the contrary, if we suppose that C >> B, then the




























In this case, if the effect of nonlinear resonant interaction
due to electron trapping becomes negligible such that we












To examine the existence of regions in parametric space
and the nature of the IA solitary excitation in the PI plasma,
the numerical solutions of (12) and (13) have been analyzed
using typical plasma parameters. In laboratory plasmas such
as fullerene PI plasmas [1] or hydrogen PI plasmas [3] in
the presence of electrons and background dust, we may
choose n± ∼ (107 − 1010)cm−3, T± ∼ (1.5 − 2) eV , and
Te ∼ 35eV which give us finite values of the parameters
used for numerical plotting. Since we are using the specific
subsonic adiabatic density compression of equations (10)
and (11), so we are getting the compression soliton structure
as previously discussed in [21].
The effects of the Mach number (M), electron density
concentration (μ), and the nonlinear resonant effects due
to electron trapping on the behavior of electrostatic solitary
wave are displayed in Figs. 3–5. These results show that our
present plasma model permits only compressive solitons.
The Sagdeev potential curves and the corresponding solitary
wave profiles for different values of M are plotted in Fig. 3.
It can be seen from the upper panel of Fig. 3 that as we
increase the values of M , the depth of the Sagdeev poten-
tial increases on the positive φ-axis, this is a consequence of
the compressive solitary waves with larger amplitude (lower
panel of Fig. 3).
A Sagdeev potential (13) as a function of electrostatic
potential φ for different values of electron density concen-
tration μ is shown in the upper panel of Fig. 4, and the
corresponding soliton profiles for different values of μ are
shown in the lower panel of Fig. 4. For higher values of
μ, the amplitude of solitary structure increases while the
width is decreasing. The increasing μ gives the increasing
electron thermal energy. In order to conserve the energy of
the system, the electron thermal energy should be decreased
and the ion energy should be increased. The increased ion
energy will increase the height and amplitude of solitons
in PI plasmas. This sort of trend is the same for dust ion
acoustic waves, as observed in [21](Fig. 4 therein).
The impact of the resonant particle effects due to trap-
ping of electrons on the Sagdeev potential and solitary
wave is displayed in Fig. 5, where the larger values of
β reduce the amplitude of the Sagdeev potential having
wider solitary structures with shallower density and electric
field depletions. This means that the amplitude decreases













Fig. 3 (color online) Behavior of the Sagdeev potential V (φ) (upper
panel) and the corresponding solitary wave profiles φ (ξ) (lower
panel) for different values of Mach number M = 1.4 (solid curve) and
M = 1.45 (curve). Other parameters are β = 0.8, μ = 0.5 σ+ = 0.2,
and σ− = 0.1
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Fig. 4 (color online) Pseudopotential V (φ) as a function of electro-
static potential φ (upper panel) and the corresponding solitary wave
profiles φ (ξ) (lower panel) for different values of electron density
concentration μ = 0.5 (solid curve) and 0.55 (dashed curve) for fixed
value of M = 1.4. Other parameters are the same as in Fig. 3
with the increased values of β and shows that the nature
of the trapping effect is a sort of mordant for the forma-
tion of electrostatic solitary structure. This is the same trend
as illustrated in [21] for dust ion acoustic waves (Fig. 3
therein).
4 Summary and Conclusion
We have studied the effects of PI temperature adiabatic-
ity, particle density concentration, and nonlinear resonant
particle effects, such as trapping of electrons, on the arbi-
trary amplitude of IA solitons in PI-electron plasmas. The
electrons are assumed to follow a vortex-like distribution.
The solitary wave exists because of the counterbalance
between the nonlinearity induced by the electron trapping
and ion fluid convection and the dispersion due to temper-
ature effects. Using the pseudopotential approach, we have
derived an energy integral equation involving the Sagdeev
potential. In the case of negative ions, we have shown














Fig. 5 (color online) Sagdeev potential V (φ) (upper panel) and the
corresponding solitary wave profiles φ (ξ) (lower panel) for different
values of the resonant electron parameter.β = 0.8 (solid curve), 0.78
(dotted curve), and 0.76 (bold curve) for fixed value of M = 1.4. Other
parameters are the same as in Fig. 3
that the model supports both positive and negative poten-
tial solitons, where the Mach number for positive (negative)
potential solitons is limited from above by the condition at
which the positive ion density becomes complex. From the
energy integral equation, a generalized KdV equation with
mixed orders of nonlinearity has been derived (by expand-
ing the Sagdeev potential) along with its general solution.
The effects of ion adiabaticity on small amplitude and width
have been discussed. Solutions involving lower and higher
nonlinear orders have also been deduced from the general
solution. The above mentioned effects are found to change
the profile of solitary waves quite significantly. The elec-
tron concentration gives a strong and enhancing effect on
the existence domain of positive solitons while the PI tem-
peratures have effects which weaken the soliton amplitude.
It is found that the characteristics of nonlinear IA waves
vary substantially due to the nonisothermality of electrons.
The amplitude and width of the solitons are different when
some electrons are non-isothermal from the case when they
all are isothermal. This means that the transformation from
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non-isothermal to isothermal phase is nonuniform. It is also
found that the amplitude of solitons in the case of isothermal
electrons is larger than that for trapped electron distribu-
tions, which implies that trapped electrons induced a kind
of inertia in the propagation of nonlinear electrostatic per-
turbation. Our this analytical work, i.e., propagation of ion
acoustic soliton in pair-ion plasmas in the presence of non-
isothermal electrons are supported by some experimental
observations as investigated in [23], where both compres-
sive and rarefactive solitons are observed under certain
critical condition. Since we are using the subsonic adia-
batic density compression of positive and negative ions,
so under this specific condition we are getting the com-
pression soliton structure only. Also, it is concluded that
ion-acoustic waves are likely to be found in non-isothermal
pair-ions plasmas in the same way as solitons are existed
in the non-isothermal electron-positron plasmas [30–32].
From our numerical results, we also observed that temper-
ature effects due to both type of ions are destructive and
reduce the speed of solitons. These temperature effects are
consistent with the results of [31, 32], where the destructive
nature of Alfven solitons (due to temperature) are observed
in pair plasmas with finite temperatures. Our present results
can be useful in understanding wave phenomena and asso-
ciated nonlinear electrostatic structures in PI/bi-ion plasmas
which may occur in space and at laboratory level.
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